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GENERALIZED REPRESENTATION OF ELECTRIC FIELDS IN INTERACTION GAPS
OF KLYSTRONS AND TRAVELING WAVE TUBES WITH AXIAL SYMMETRY
by Henry G. Kosmahl

Lewis Research Center

SUMMARY

Analytic expressions for axial and radial electric fields in axisymmetric interaction
gaps of klystrons and coupled cavity traveling wave tubes are derived. Introduction of
the ''field shape'' parameter m results in both limiting cases of the field at the tunnel
tips, that is, uniform field, E equal to a constant and E approaching infinity as well as
a continuous transition between these two limits. The transition represents actual,
practical fields. This representation may be used to replace the somewhat arbitrary
expressions being applied by various researchers to describe the fields.

INTRODUCTION

Accurate computations of electron motion through tunnels of cavities in klystrons
and coupled-cavity traveling wave tubes (TWT) require exact solutions for radiofre-
quency (rf) fringing fields between the tunnel tips. Consider figure 1 showing schemat-
ically the interaction gap of length 2¢ between the tunnel tips and the rest of the reso-

Cavity
wall~, r

~Interaction gap

S S
Figure 1. - Double reentrant, axisymmetric klystron tunnel in resonant cavity;
z =0 is at the center of the interaction gap for the kiystron,



nator with axially symmetric fields. The tunnel bhas an inner radius ry, an outer
radius ry, and an average radius a. Suppose that the shape of the electric field E is
known along the path from -I to I at r =a, for example,

Ez(a, z,t) = eithOf(z) (1)

with E0 specifiedat z =0 and r =a. Two different cases must be considered: one
for klystrons and the other for TWT's. The field of a klystron may be represented by
standing waves with zero net propagation of energy (for lossless resonators). Branch
(ref. 1) has shown that such a standing wave field may be represented by an infinite sum
of equal and oppositely directed space harmonics that add up to zero propagating energy.
Since the harmonics are continuous, they may be expressed by an integral. The field

at r =a is finite between -1 <z <! and zero elsewhere in the metal and on the metal-
lic boundary. It must therefore be represented as a Fourier integral over the space
harmonics, that is (ref. 1),

f(z) = / g(®e P2 ap (2)
Thus, by Fourier inversion
+1 .
g(8) == / #(z)e*#? dz (3)
2r J~1

where p designates the phase propagation constant. We shall use these expressions
later.

Let us consider now the fields of traveling waves. Similar to klystron fields, tra-
veling wave fields consist also of an infinite set of space harmonics with, however, one
important difference. Since there is now a traveling wave transporting a net energy in
a given direction, the space harmonics are discrete rather than continuous and are thus
expressed by an infinite nonzero sum over all harmonics rather than by an integral.
From Floquet's theorem for periodic systems we have (ref. 2)

Ez(a, z,t) = eiwtﬁ(a, z)e (4)

~ 'iBOZ
The field E(a, z)e
be expanded in a Fourier series of the form

, where BO is the phase constant of the fundamental wave, may
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i\ -i[By+(2m/L i
Eof(Z) = E(a, z)e 0" _ En(a)e [O+ m, ﬂz _ En(a)e i,z )
N=-0 o
where
27n
B, = 2
n=Bp+ L

Consider now figure 2 showing schematically a series of rf gaps of length 21
. -iBgz
spaced by a distance L. Since Ee 0 is periodic in z with period L, we can deter-

mine the En's by Fourier analysis of equation (5). (We shall return to eq. (5) later.)
The evaluation of either g(B8) from equation (3) or En(a) from equation (5) requires
knowledge of f(z). Closed-form solutions are available from the literature for the case
f(z) = constant in the gap and f(z) = 0 elsewhere. However, fields in actual gaps are
not uniform but rather have the form corresponding to figure 3(c).
In figure 3 we show schematically the form of fields in gaps for three different

[ ! |
Zl+‘ f— 21-—!|
|
L ] [

_—E——
r_L_
e

Figure 2. - Series of axisymmetric interaction gaps of length 2, spaced by a distance L,
such as they appear in coupled cavity TWT; z = 0 is at the beginning of first ceil.
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(a) Constant field (Eq = constant  (b) Knife-edge field. Field (c) Actual field. E, is neither
a_t r = a); blunt tips and rela- becomes infinite at z = constant nor infinite. (£,
tively large wall thicknesses, +1, at r=a can be very well
rp-1), and 21 < 2a, approximated by Eg, cosh mz.)

Figure 3. - Electric fields for three differently shaped tunnel tips.



shapes of tunnel tips. In figure 3(a) the tunnel wall is thick and the tips are blunted.
If, furthermore, 27 << a, the electric field has a constant value E0 . f(z) = constant =
E0 at r =a; that is, it rises instantly to its value EO at z = +! and remains constant
in the gap between the tips.

In figure 3(b) the tunnel tips are assumed to have zero thickness (knife edge), and
the field becomes infinite at z = +Z; that is, within the gap -1 =z = +[,

E,(a,2) =——2— (6)

In practical resonators knife-edge tips are unacceptable for two reasons: First,
because of high skin effect losses and, second, because of the danger of melting due to
interception.

Actual fields (fig. 3(c)) retain some of the characteristics of the limiting cases
(figs. 3(a) and (b)): The field never becomes infinite nor is it strictly uniform. The
exact field description depends on the thickness of the tunnel walls, their shape, and the
aspect ratio I/a in each individual case. Thus, it cannot be expressed by a single
function (except an even power polynomial of infinite order). However, the general
features of this function are known: It must be an even function of z, and it must ap-
proach unity (uniform field) and infinity for the two limiting cases, respectively. In
addition, we wish it to be a simple and integrable function. We choose therefore the
function

f(z,a) = cosh(mz) (')

where the factor m is to be chosen such that at z = +7 the field EO + cosh(mz) ac-
quires the measured, actual amplitude Ez(a, +l). It may be seen that for m =0 we
obtain the case of Ej- f(z,a) = constant = E, and for large m, arbitrarily large values
Ez(a, +1) may be achieved. Thus, the representation introduced in equation (7) furnishes
the much needed generality for the treatment of the rf field in gaps, with both limiting
cases Ez(a, +l) = E0 or E large, following simply from a suitable choice of m.

The case m — e« is not represented correctly by expression (7) because

cMZ
lim cosh(mz) = Lim
m = m— 2




while

lim 1 — Jim —L1_

z~1 6-0
/ .. (E)Z '/ 26
A

with & =1 - 2z/Z, has a pole different from that of e™?%/2. However, knife-edge tunnel
tips are not realistic, and, for the finite fields E, numbers very accurately represent-
ing actual fields of figure 3(c) may be obtained. This is made evident by comparing
actually measured fields with those obtained from equation (7) with the proper choice of
m. In most cases 1.25 < cosh ml < 3.

It was the purpose of this study to derive generally valid analytical expressions for
the fields in actual klystron and TWT gaps, thus replacing the somewhat arbitrary, em-
pirical, or semianalytic expressions being used presently.

SYMBOLS
a average tunnel radius
c speed of light
D denominator of integrand
E electric field
E0 amplitude of electric field at gap center and r =a
g Fourier transform

0’ I1 modified Bessel functions of zero and first order, respectively

J 0’ J 1 Bessel functions of zero and first order, respectively

k free wave number equal to w/c

L length of period for TWT circuits

l half length of gap

m field shaping parameter

N numerator of integrand

n integer number of root of Bessel functions JO(An) =0 where n=1,2,3,...;

also, integer summation index for propagation constants Bn and Yn for TWT
equations, - <n <



2 2_2

P, AL k®a

by radius or radial coordinate

t time

A" voltage

o a/l

B axial propagation constant

v radial propagation constant, equal to Bz - k2
) small, real number

6 transit time parameter equal to B2
A nt? root of Bessel function, J O(kn) =0
v summation index

£ z/1

p r/1

w 27 X frequency

Subscripts:

n, v summation indexes

i,u lower and upper half complex plane, respectively
Superscripts:

! differentiation with respect to argument, D'(X) = dD(X)/dX

-

complex amplitude of electric field, E(a, z)

DERIVATION OF FIELD EQUATIONS FOR KLYSTRON GAPS

The wave equation yields the following expressions for the axial and radial electric
fields with axial symmetry in klystrons for r = a.

i “1 .
E,(r,z,t) = Ege'®t 1) 01162 ag (7)
Io('}’a)

- 00



; L(yr) .
et@t B g(g)e1P2 4 (8)

Er(r, z, t) = iE
Y Io('}’a)

0

with 72 = Bz - (w2/02) and g(B) given by equation (3).

Branch (unpublished General Electric Company report) has evaluated the integrals
(egs. (7) and (8)) by contour integration for the case f(z) = constant in the gap and zero
elsewhere:

l ) '
i 1Bl _ 1Bl
g(®) =L constant - elP% gz - constant e e @)

27 2m iB
-1

The same method can be applied conveniently to obtain analytical expressions for the
more general case f(z) = cosh(mz) in the gap and zero elsewhere. Thus,

l Mz, -mz (ifz g, 1 el(if+m) _ -2(iB+m) X ol(ip-m) _ -1(ip-m)

g(B) =— _
27 2 47 iB+m iB-m
-1
(10)
Axial Electric Fields in Kiystrons
Expression (10) has four terms. We evaluate first equation (7). Substitution of
equation (10) into equation (7) yields
. mi [ I(yr) iB(1-2) -mz [ I,(pr) -ip(l+z)
4ri Io(ya) Bl - im! 47i IO(-ya) Bl - iml
ml © 1 (yr) iB(1-2z) ml 1 (yr) iB(l+2)
L8 0" e d(gL) - &— 0 e d(gt) (11)
4ni IO('ya) Bl + iml 4ri IO('ya) Bl + iml
-0 -0

For compactness let ml =m, and adapt the notations of Branch (ref. 3):



Denoting the four integrals by Jl’ Sy, S3, and S, we obtain

9 dé
47i < 9 2) 6 - im
» T0\@Y o - 8
—_— 2 2 .
P o~ 10<pVe - 90> e19(1—&) a0
3 " 4 5 2) o + im
o To\@¥ 8" - 6y
[~ e)
— 2 2 .
P _£ IOCOV 6” - 90> e-19(1+£) a0

47 4m (‘/ﬁ> 6 + im
% Ioa 9 -90

(12a)

(12b)

(12¢)

(12d)

The quadrature may be carried out exactly by the method of residues in the complex
plane. To do this we examine the denominator for poles. The poles occur at Gm = +im

and also at 6 = ien, all on the imaginary axis. The :I:@n are the roots of

Iy (a'/ 92 - 9(2) . Following Branch, we call A, the real roots of the equation JO(An) =0

= IO(i)\n):



A, = a‘/ 62 - 62 L (13)

2
An 92
Q5 0
2
o

<

We also introduce a new parameter p, =+ V 7\121 - kzaz, which is a real positive
number. Therefore, 65 will be +i-é P, and -ié P, in the upper and lower complex

half plane, respectively. I can be seen that A n/oz >0 o °f ka < Ay For the first root
ka < Ay = 2.408 ..+. Since in microwave tubes ka = 0.1 to 0.5 this condition is well

satisfied. Therefore,
I a492-92>—1(m)=.1(>\)—0
0 n 0/ "0V"n/ ~ 0V’ ~

The integration path and the roots are shown in figure 4. The path extends along the
real axis from -e to +e, and it closes along an arc of infinite radius in either the

I
‘;/;.J,%pn Upper arc
= \\
m = 0~ +m \\
N - —— e
m#¥ 0~ — |
-m /
. L ,’
T afn
/ Lower arc

Figure 4. - Integration path for equations (12),

upper or lower half plane. In general, m =ml # 6 n and all poles are single and of first
order. The path of integration is to be taken such that the integral vanishes along the

S = ZniZResidues = ZNiZM (14)
D'(9)

arc. Then,



where N(6), D(8), and D'(9) designate the numerator, denominator, and its derivative,
respectively.
For Jl and .)'2 the denominator and its derivative are

Dy 5(6) = (6 - iE)JOGr 62 - 92> (15)
2 2\ o206 - im) 2 .2
D} o(0) =Jglay e - 6% )+ ————"J,|a¥ 65 - ¢ (18)
o eg - 62

The derivative Dj 2(6') assumes now the following: At 6 =im

D} 5(m) = J0<a‘/ eg + EZ> (17)

and at 9 = Gn

enJl(An)

n

D} 5(6,) = az(en _ i) (18)

Similarly, we get for D, 4(9) and D:',’ 4(9) the following values: At O = im
) b

Dy 4(-i) = Jo(av 65 + E2> (19)

and at 9 = Gn

L (20)

Dy 4(6,) = o2o_(0, + i)

The numerators N(6) for Jl and .f3 are

Ny 3(6) =3, (pv eg - ez)eie(l‘s) (21)

And, similarly, for J9 and S

N, 4(0) = JO(pV 02 - ez)e‘ie(“f) (22)

10



Convergence is obtained when the real parts of the exponents i8(1 - &) and -if(1 + &)
go to zero as @ goes to infinity. This occurs when "1 and 13 (corresponding to
N1 3) are integrated over the upper arc if 1- £ > 0 (¢ < 1) and over the lower arc if
1-£<0(¢ > 1), and when Sy and 4 (corresponding to NZ 4) are integrated over
the upper arc if 1+ £ < 0 (¢ <-1) and over the lower arc if 1+ E>O0(>-1).
Application of the theorem of residues (eq. (14)) and summation over the infinite
number of roots Ay beginning with 2y as the first root, give the following results for
the integrals Jl, S J3, and .14:

- a Z—zT
= J0<£ k272 4 m2> AnJo(_I: Y n)e By/2)(2-2)
g T S -
-p - am)J{(
To(2 Vi2i2 4 m2> nn 1)
l -
- n=1
for z <1,
= (p,/a)(l-2)
—_ AJfEr e ®
e n" 0 a D
g, == (24)
2 -p, (@, +am)J; ()
n=1
for z > I,
[ p,./a) l+Z)-1
= 3% Va2 +‘ﬁ1‘2> AnJ0(£ n)e
P l m(l+2) a (25)
20"y -p, (o, - am)J;(x )
3 ©272 , z> PPy - am)dy Ay,
L n=1
for z <-1,

11



-(p,,/a)(l+2)
I n
A nJO(; xn)e

P -m
21 =75
-p, (P, + am)J;(x )
n=1
for z > -1,
[ee]
-(p,/2)(2-2)
J— A J EX e n
s, _e™ n"0\, 'n
3u 9 -pn(pn + am)Jl()\n)
n=1
for z <1,
[ * (
\J p,/a)(l-z)
- Jo(z k212+52> A JO(I xn)e n
I, =-& Z cm(2-z) a
3717 2 + T
JO(E' kzlz +E2> —pn(pn - am 1( n)
for z> 1,

for z <-1, and

12

l
"nJoG >kn)e(pn/a)( +2)

-p,(p, + am)J;(x )

(26)

(27)

(28)



0 7
-(p./a)(l+2)
= JO(E k%72 +'ﬁi2> AnJO(£ xn)e n
‘,4Z =e_ A e-m(l+z) + a (30)
2 J0<§ szlz +E2> 'pn(pn - a'm)Jl(hn)
_. : n=1 .
for z > -1.

The two different values for each of the integrals "1 to J4 correspond to closing
the contour either in the upper or lower half plane, each value being valid in the interval
indicated in equations (23) to (30).

Now, the field within the gap may be computed by adding all integrals whose validity
falls into the region -7 <z < 7. We see that the appropriate sum consists of ‘,lu + "‘22
+ ',3u + "4Z’ The result of summing up these four terms is

r ©0

r
ot Jo(r 'kz + m2> )\nJO(; An)
p..Jd4 (A
Jo(a“lk2+m2> n“1Y'n

n=1

E (r,z,t) = Eoe1

ml -ml \ -p_ (1/a) P, 2
x (£ + £ e M cosh (2 (31)
b,-am p +am a

Outside the gap for z > 7, the summation consists of Jl 1t le + .{3 1t J4l with the
results

13



<<
AI(EXY ) L/ Ppi/a -pi/a
E(rzt):Eef“"tin,Z no(a n)epnz/a e’ @
‘ 0 ﬁ 2 anl(xn) p,+am p -am
. n=1
e-ml )\nJO( ) -pnz/a epnl/a e'pnl/a
’ — i ° - (32)
2 anl()\n) p,-am p, +am
n=1

Outside the gap but for z < -1, the summation consists of ‘,lu + Jou * P30t L

~
; A J p,l/a —p l/a
E (r,z,t) =E einErn_Z i) pZ/a < - >
z 0 P

2 p J1 (A ) +am p - am
N
o-ml AnJO( n) pnz/a epnl/a e—pnl/a
+ —2 ‘e - > (33)
2 anl(An) p,-am p +am
n=1 J

Equations (32) and (33) can be combined for |z[ > 1 into one expression:

14



-

o0
AJ(EA) ) p.l/a  -p.l/a
E (r,z,1) = Eoei“’t _eml 2 a Y Na ™ e (pn/a)|z| e ” _e ”
ﬁ 2 anl(xn) p,+am p - am
n=1

T
-ml AnJO(-; Kn) _ (pn/a) , Zl ean/a e-PnZ/a
—a /e - S (34)
2 anl(xn) p,-am p +am

n=1

The case m = 0 must be discussed separately. The integration path bypasses the
origin on a semiarc as indicated in figure 4. The denominators of integrals {12a) to
(12d) have a pole at 6 = 0 with nonzero residues. However, the signs in front of equa-
tions (12a) and (12b) as well as those in front of equations (12c¢) and (12d) are opposite,
and the contributions due to the residues as well as of the integrals along the semiarc
around the origin cancel each other.

Radial Electric Field in Klystrons

The expression for the radial field Er is

: ) .
E,(r,2,t) = iEge!* EL_g(pe P ap (35)

- 00

Introducing the expression for g(B8) from equation (10) into equation (35) results in the
following integrals:

15



iwt ‘/ 2 2) .

Er(r,z,t) = e
oo 9 - 90 IO a 9 - 90
® < 2 2
) e__ﬁ o L\rY ¢° - 6, e—16(1+£)
6 - im
2 2 2 2
[ V67 - 65 IO<aV9 - 90>
0
2 2 .
el 6 Il(p. o” - bg) £100-8)
6 + im
2 2 2 2
. Vo°- 0010<a 6% - 63
2 2 .
— I (pv 6“ -6 ) -16(1+£)
- o / 0 1 0/ e ds >  (36)
8 + im
2 2 2 2
[ Y 6° - 65 10<a 6° - 90>
or, for simplicity,
E elot _ . .
E_(r,2,1) = 0 (em S - A e'm.l3 - ™ f4> (37)

47

where integrals Jl to .,‘4r stand for the four integrals in equation (36). The denomi-
nators D(8) of integrals A to J4 are

D) = (97 i) Yo2- 631, (a 62 - 9?)) (38)

Therefore, Jl to ./4 have simple poles at
6. =+im

m

on the imaginary axis, and at

16



also on the imaginary axis.
Note that 6 = 6, does not produce poles due to cancellation, which results from

the argument of "‘1 in the numerator and 92 - 9% in the denominator. The contour

of integration is shown in figure 5 together with the poles. The path of integration is
similar to that shown in figure 4 with the exception of the case m = 0.

Ime
>+ %pn
Upper arc
+m \\
|
———————————————————————————— =)
1Re
— ,’
-m . ’
\T"P Lower arc
s, an

Figure 5. - Integration path for equation (36).

Examination of the numerator of the integrands yields the following conditions for

convergence: Integrate

J1 and S, alongupper arcif 1 -¢>0 (£ <1)
#1 and 5 along lower arcif 1 -¢ <0 (¢>1)
Jz and Sy along upper arcif 1+ & <0 (£ <-1)
and J, along lower arcif 1+ £ > 0 (£ > -1).

The denominator of Jl and J,, D1’2(9), is
(= 2 2 2 2
D1,2(9) = (6 -im) yo° - 90 Io<a 6~ ~ 90) (39)
And its derivative D'1 2(9) is
3

17



' _‘/ 2_ 2 2 _ 2 6(6 - im) 2 2

+ b0 - ffﬁ)iJl(a eg - 92) (40)

The numerator N, ,(4)in S, is
1,3 1

Ny 4(6) = ell(pv 62 - 9g)e19(1'5)= -iBJl(p’/ 02 - 92> oi6(1-£)

The examination of the quotient Ny 3(9)/D'1 2(9) yields the following residues:
b b
At Bm =im

— 2 _2
Ny, 306m) mJ1<P fp + M ) T(1-5) (41)
D! (6
1,20m) 62 + T Jo(a 63 +m2>
i
a.t 9 = Gn = 1; pn
-(2/a)p, (1-£)
J (X n
N1,3%) 1(a n)e (42)
1,200 i, - ma)J ()
andat 6 =0 =—i£pn
(Z/a)p_(1-%)
r n
N, o(6.) J1(‘" "n)e
1,3 'n’ _ a (43)

Di, 2(On) i(pn + ma)Jl(xn)
Similarly, the numerator N, 4((9) in “‘2 is
2

18



And the residues of "2 are as follows:

At 6 =im
N 0 T ( 92 —2) m(1+£)
D?’ 429111; - m 1 p 0+ m-je (44)
L,2"m" ¢ 62 + m? Jo(oz 02 +'ﬁ1’2)
at o = iﬁ P,
(Z/a)p, (1+&)
J (£ n
Ny, 40y 1(a rbe ()
Di’ 2(On) i(pn - ma)Jl(An)
)
and at 9n =—1; P,
-(Z/a)p, (1+&)
J (X2 € n
N, (8 1( )
2, 4( n) - a n (46)

D'l, ACA, i(p, + ma)J; )

The derivative of the denominator of ./3 and ./4, D 4(9) is
3
; _ ‘/ 2 2 2 2 6(6 + im) ‘/ 2 2
D3’4(0)— 6 —90J0<a 90—9>+——————-J0<a 90-9

+1a6(6 + i), (a 6% - 92) (47)

Examination of the quotient N; 3(9)/D:'3 4(6) results in the following residues of
J . b b

At 9m = -im

Ny 3(9m) —EJl(r sz + mz)em(l'g)
Dy ,6.)
3, 40m) iy 62 + m? JO(aVk2+m2>

(48)

19



at 6

i
[l
O fe
o]
=]

Ny, 360 Jl(a
D} 4(6,) i(p, + ma)d, ()

-(1 1-
. n)e (2/2)p, (1-£)

and at 6n=-i—l-p
a

n

Mg 1
D:'Z, 46,) i(pn - ma)Jl(An)

[/ 1-
r n)e( /a)pn( £)

The residues of J4 are as follows:

Ny 4(6,) _II_lJl(I‘ Vi mz)e‘ﬁ(l'hf)
Dy L6,)
3,4"m 1y 62 + w2 JO(aVk2+m2)

J (X
No, 4Cn) l(a
Dé’ 4(Qn) i(pn + ma)Jl(xn)

Z 1
n>e( /a)pn( +£)

-(2/a)p_(1+£)
Ny 4(6,) Jl(i An)e ’

D:',” 4(9n) i(pn - ma)Jl(An)

20

(49)

(50)

(51)

(52)

(53)



From equations (35) to (53) the following expressions may be derived for the result-

ing field E_ = 27i ) residues: Inthe gap -1 <z <1,
all

E_(r,2,t) =—2
rr,z’ )'—__

ml -ml -ml ml
. (e Ay T Sy - TSy - )

r

. 1 n) -p.l/a ml -ml pP.Z
= _Eoelwtﬁ 2 TR € +-£ sinh(——-n )
p a

Jl(xn) -ma p +m a

n

\_ n=1

J

1(1' m)
e R

J

- m sinh(mz)

Outside the gap z > +1,

[e o]
-p,z/a
. Jl(ﬁ xn)e n sinh(ml + L pn) sinh(ml -t pn>
Er(r; z, t) = _Eoelwt 2 a - a (55)
Jl(An) p, + ma p, - ma
n=1
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Outside the gap z < -1,

-p,|z/a]
J 1(-1: An)e n sinh (ml -2 pn) sinh (ml + 2 pn)

Jl(xn) p, - ma p, + ma

iwt
Er(r, z,t) = -Eoelw

n=1

Note that Er(r,—z,t) = —Er(r, z,t), that Er(O, z,t) = 0, and that Er(r, 0,t) =0. Thus

Er is an odd function of z relative to the center of the gap, and EZ is an even function
of z. When m is set to zero, the expressions derived here for Ez(r, z,t) and

Er(r, z,t) become identical with those obtained by Branch in his unpublished report.

DERIVATION OF FIELD EQUATIONS FOR COUPLED CAVITY TWT GAPS

We return now to equation (5) and evaluate from it the Fourier coefficients En.
Let, as before in the klystron case, EOf(z) at radius a be represented by
EO cosh m(z - 7). Multiply both sides of equation (5) by e(127rzv)/L, substitute Eof(z)
- -iBn2Z
for E(a,z)e 0 , and integrate over the period from z =0 to z = L. Because of the
orthogonality of the function, all terms are zero except when v =n, and we obtain (with

B, = By + 2m/L)

21
E i =z
E -0 coshm(z - 2)e » dz
n
L
0

— ZiBnZ

E,|m sinh(ml) - iB cosh(mlﬂe + m sinh(mi) + iB,. cosh(m)
:_I_.O_ n PR — (57
m +Bn
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Note that £(z) =0 for 27 <z =< L. For m - 0, equation (57) becomes

E ig_1 sin(8.1)
lim E. =-02%e » "0~
m——O_n L ﬁnl

(58)

For uniform fields, Eg = V/21, therefore,
18,2 sin B,

lim E =X €
L Bnl

m-0 o

which is identical to that available in the literature (e.g., ref. 2) for uniform fields,
that is, V = EOZZ.
The appropriate expressions for the axial and radial components of E then follow:

Io(an) e-iﬁnz ) _]_3_0 Io(ynr) ei(wt— 3nz)

Ez(r, z,t) = elet n
Io(')’na) L Io(Yna-)

n=—co n=-c

Ziﬁnl
[m sinh(m) - iB, cosh(mlﬂe + m sinh(ml) + ig, cosh(ml)
X - -

2 2
m +Bn

(59)

_ E0 @ Il('ynr) ei((.ut-[-inz)

"n Io('}’na) .

n=-00

2ig 1
[m sinh(m?) - B, cosh(mlﬂe N, m sinh(mi) + i, cosh(m?) (60)
X -

m2+Br21
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where

In tube theory it is necessary to refer the field E0 to the gap voltage V:

21
E
V = E cosh m(z - 1)dz = 2-—0 sinh(m) (61)
m
0
EO =_nl__ (62)
2 sinh(m?i)
As m approaches zero
lim E0 = lim v -V
m~0 m-—o(zz+_.2_mzz3+. _ ) 21
3!

which is exactly the expression for the uniform field. From equation (62) Ey may be
substituted in all equations wherever it is desirable to have the fields expressed in terms

of gap voltages.

SUMMARY OF RESULTS

Radial and axial electric fields in axisymmetric interaction gaps of klystrons and
coupled cavity traveling wave tubes were obtained in closed form expressions by assum-
ing that the field at the radius of the tunnel tips r =a is equalto E, cosh(mz), where
m is a properly chosen field shaping parameter and E0 is the amplitude of E midway
between the tunnel tips.

In the case of klystron gaps the radial and axial expressions were derived by the
method of contour integration of the Fourier transform of the gap times the solution of
the wave equation as the sum of the residues. To obtain tonvergence, it was necessary
to derive the expressions for the field inside and outside the gap separately.

For TWTs the radial and axial gap fields were derived by expanding the gap field at
r =a into discrete space harmonics whose infinite sum represents the gap field.
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For both types of tube the validity of the expressions ranges from a constant field
between the tunnel tips to very large nonuniform fields but excluding infinite fields.
The latter are, however, of no practical interest.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, December 21, 1971,
164-21.

REFERENCES

1. Branch, Garland M., Jr.: Electron Beam Coupling in Interaction Gaps of Cylindrical
Symmetry. IRE Trans. on Electron Devices, vol. ED-8, no. 3, May 1961,
pp. 193-207.

2. Watkins, Dean A.: Topics in Electromagnetic Theory. John Wiley & Sons, Inc.,
1958.

NASA-Langley, 1972 — 9 £ -6689 25



